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On 

qh The Kadanoff- Wilson renormalization group approach for a scalar self- 

(3JT), interacting field theory generally coupled with gravity is presented. An aver- 



age potential that monitors the fluctuations of the blocked field in different 



scaling regimes is constructed in a nonflat background and explicitly com- 
puted within the loop-expansion approximation for an Einstein universe. The 
curvature turns out to be dominant in setting the crossover scale from a 
double-peak and a symmetric distribution of the block variables. The evo- 
lution of all the coupling constants generated by the blocking procedure is 
examined: the renormalized trajectories agree with the standard perturba- 
tive results for the relevant vertices near the ultraviolet fixed point, but new 
effective interactions between gravity and matter are present. The flow of 
the conformal coupling constant is therefore analyzed in the improved scheme 
and the infrared fixed point is reached for arbitrary values of the renormalized 
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parameters. 

PACS number(s): 04.62+v, ll.10.Hi, 05.40+j 



I. INTRODUCTION 

An outstanding issue that has still to be addressed within the theories of a quantum 
field in curved spacetime, concerns the understanding of the infrared domain of the models. 
While powerful techniques (see [0J for a review) clarified the renormalizability properties 
and the structure of the effective Lagrangians describing the physics of the ultraviolet fixed 
point, the local character of the methods applied is a serious limitation to studying the 
infrared scaling behavior of a quantum field in a non-trivial topology. 

When the system strongly fluctuates over all the scales, the global topology and, espe- 
cially in cosmology, the dynamic nature of the background spacetime, play a dominant role 
in determining long-range features of the system. In this case the physics is characterized 
by the scaling around the infrared fixed point, and the usual set of renormalizable operators 
may not be enough to build the low-energy effective Lagrangian. 

To describe the change in the physics as the cutoff is lowered, we need to follow the 
evolution of all the coupling constants, both relevant and nonrelevant, as we approach the 
infrared region. The evolution of the latter slows down when we leave the UV fixed point 
towards the infrared. However they need to be followed as well, since they may have a 
different scaling law in the deep low-energy domain. In particular the classification of the 
operators close to the UV or the IR fixed point can be radically different. For instance, 
in flat space, the ultraviolet and the infrared are separated by a crossover region at the 
mass gap in a massive theory. Below the mass scale fluctuations are strongly damped and 
the scaling around the infrared fixed point is monitored only by the mass term. But if the 
theory is massless, the infrared sector is plagued by divergences indicating that a new set 
of IR relevant operators is needed. The actual form of this scaling operators can be very 
complicated in terms of local field variables because, just at the IR fixed point, the physics is 
essentially nonlocal and therefore the global properties of the spacetime affect dramatically 
the long range behavior of these models. 

In a curved spacetime the theory presents a new characteristic length, the local ra- 
dius of curvature that usually couples with the field as a new, nonhomogeneous, mass gap 
^R(x)(j) 2 (x) where R(x) is the scalar of curvature. For this reason fluctuations of the field 
on regions that are comparable with the local radius of the spacetime are damped and even- 
tually, at energies well below the "gravitational" mass contribution, an infrared fixed point 
can form even for models that are massless at the bare level. In this case the crossover region 
is determined by the interplay between matter and gravity. In particular one expects that in 
the strong curvature regime the gravitational contribution is the leading one in monitoring 
the scaling properties of the theory and in determining the location of the infrared fixed 
point. 

The Kadanoff- Wilson [Q] realization of the renormalization group approach used in statis- 
tical mechanics allows one to follow the evolution of an infinite number of coupling constants 
as the cutoff changes. The natural framework for describing fluctuations at different relevant 
scales is obtained with the block-spin or "coarse-graining" analysis: An average over a group 
of spins within a characteristic "hypercube" of dimension (A/s)~ d greater than the original 
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elementary lattice step A -1 , defines the new average field. The Hamiltonian is built in terms 
of the new "blocked" average field by "integratingout" the non-relevant degrees of freedom 
between A and A/s. As consequence, this procedure generates all the effective interactions 
(see Q for an introduction). Then by a global rescaling of the fields to the previous value 
of the cutoff, the action undergoes a renormalization group transformation that governs an 
infinite set of couplings. 

In field theory the renormalization group equations are derived from the scaling behav- 
ior of the Green's functions. The relation between the bare and the renormalized vertex 
functions, 

itV, x n ; y B , A) = Z- n l\X B , A/ M )rtV, .... x n - Aj en , //) (1) 

where A and fi are the cutoff and a low-energy scale respectively, can be read either in 
terms of the renormalized or the bare couplings. In one case, by imposing the invariance 
of the renormalized vertex functions under the action of the diffeomorphisms generated 
by the vector field Ad/dA in the parameter space, at fixed A* ren and /i, one obtains the 
renormalization group equation in the bare scheme. Conversely, the nondependence of the 
bare vertices from the low energy scale [i at fixed bare couplings expresses the renormalization 
group equations for the renormalized quantities. The two schemes can be formulated both 
in a momentum as well as in acoordinate space representation, but the renormalized scheme 
has a more clear physical meaning because it follows the evolution of physical, renormalized 
quantities. 

In a nonflat background the loss of Poincare invariance prevents one from defining a 
global momentum space. Thus, as suggested by Nelson and Panangaden || the ultraviolet 
flow of a generic interacting quantum field can be analyzed by looking at the scaling behavior 
of the field under a rescaling of the metric g^ v — > g^ u /s. This can be intuitively regarded as 
a rescaling of the geodesic distance between two points, and it is equivalent to introducing a 
local Riemann coordinate when the points in the argument of the Green's functions become 
close. The derivation of the renormalization group equations in a curved spacetime strictly 
resembles the procedure above outlined for the flat case. This is not surprising because 
the very-high-frequency modes will be increasingly insensitive to the local curvature as the 
cut-off tends to infinity. But by construction this approach can be reliable only to follow 
the evolution of the UV relevant coupling constants. 

In recent works the intimate connection between renormalization group flow in the 
Kadanoff- Wilson formulation and the usual concept of renormalizability in field theory has 
been deeply discussed (see and several efforts have been done to investigate the possi- 
bility of formulating the block-spin approach in the framework of a quantum field theory. 

The analogue of the Kadanoff transformation for the field variable <p(x) is in principle 
constructed by means of the blocked field, the average of the original field in the characteristic 
volume Vd 

<Pv d = ^ / d d xcj>{x). (2) 
Vd Jv d 

One is interested in studying the Vd dependence of the distribution for the blocked field 

r,(*) = (8{* - i / d d x(j>{x))) = I D[0]e- s ^($ - 4> Vd ). (3) 

Vd JVd J 
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An equivalent realization can be carried out in a momentum-space by defining the coarse- 
grained field as 



<j) k (x) = / d d yp k {x - y)(j>{y) (4) 



where the smearing function Pk(x) acts as a projector on the low-energy region of momenta 
q < k and in the configuration space rapidly decays for 1/k < \x — y\. This latter alter- 
native scheme turns out to be more suited to a perturbative analysis. In fact, by using 
an 0(4) smearing function of the kind Q), Wetterich formulates an "average" effective 
action describing the fluctuations of the field average as the "observational" region l//c 4 
changes (see [§] )• In a more recent work Liao and Polonyi PJlOl explicitly construct the 
Kadanoff transformation and calculate the renormalized action non perturbatively, with the 
loop-expansion. Their approach has the advantage of generating the renormalized action 
fully, with either relevant and irrelevant terms as well, and clarifies in what respect the 
two formulations of the renormalization group in statistical mechanics and field theory are 
equivalent. 

A realization of the "coarse-grained" effective action in curved spacetime was first given 



by Hu [11 1 to discuss the back reaction problem in the inflationary cosmological models, 



and by Sinha and Hu [jnj to examine the validity of the minisuperspace approximation in 
quantum cosmology. 

In this work a formulation of the Kadanoff- Wilson renormalization group approach in 
curved space in the case of slowly varying background manifold is presented. The approach, 
borrowed from ]7[[5J, represents an improvement of the perturbative traditional scheme. 
Explicit expressions of the blocked action are given, in the case of the Einstein universe, 
within the loop-expansion approximation at one loop by means of the generalized £- 
function method. When the expansion in the kinetic energy is possible, then a local potential 
U n ($) governs fluctuations that have been averaged in the characteristic space volume fl n ~ 
(a/n) 3 - here a is the radius of the Universe. It is found that the distribution of the block 
variables 

Vn ($) = - 0„(x))> « e - n »«M*>, (5) 

where t is the time extent of the system, is strongly peaked around two non symmetric vacua 
as the "observational" space volume becomes small enough. This confirms the flat space 
result of || supporting the conjecture that the field distribution presents a domain structure 
even in the symmetric phase. We find that in the strong curvature regime this effect is more 
pronounced and the crossover scale approaches the infrared as the curvature increases. 

The renormalization group analysis is employed by a differential equation for the local 
potential. The behavior of the (3 functions near the UV fixed point reproduces the per- 
turbative flow for the relevant vertices. But the renormalization group approach based on 
the coarse-graining procedure traces the evolution of all the new interaction terms arising 
from the coupling of the field with gravity as we move towards the low energy region. In 
particular, the flow of the conformal coupling is analyzed in the improved scheme near the 
infrared end of the UV region. In particular, the infrared fixed point for a massive model 
is present for arbitrary renormalized coupling strength, and £r = 1/6 is not an infrared 
attractor. 

The organization of the work is the following. In Sec. I the general lines of the blocking 
transformation in the case of static, spatially almost homogeneous spacetime are presented. 
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In Sec. II the specific case of a closed Einstein Universe is treated in detail. In Sec. Ill the 
renormalization group equation is formulated and the infrared scaling around the UV fixed 
point is discussed. Sec. IV is devoted to the conclusions while the relevant details of the 
computation are given in the Appendix. 



II. BLOCKING TRANSFORMATION 

Let the Euclidean section Q of the spacetime be a compact, boundaryless, Riemannian 
manifold. The Euclidean bare action for the matter field reads: 

S[<f>(x)} = J dfi(x){i(V >(x)) 2 + V{ct>{x))} (6) 

where the bare potential is given by 

V{4>{x)) = \m\^\x) + ^ B R(x)<P(x) 2 + ^\ B <P 4 (x) (7) 

d£l(x) = g 1 / 2 d 4 x is the invariant four-volume g, is the determinant of the Euclidean metric 
on the manifold, is a real scalar field and R is the Ricci scalar. The Laplace-Beltrami 
operator acting on scalars is 

V,W = ^d^g^d v ). (8) 

The spectrum of this operator is discrete; the eigenf unctions ip n (x) form a complete set in 
the space of the square integrable functions L 2 (Q), and satisfy 

V^VVn(z) = -U 2 J) n (x), (9) 

with the orthonormality condition 

/ dVL(x)4> n (x)i)* m (x) = 5 mn (10) 
where the astrerisk means complex conjugation. A generic element in L 2 (Q) reads 

+oo 

<f>( x ) = J2 c n[<f>]^n(x), (11) 
n=0 

where in this concise notation the summation is understood even in subspaces spanned 
by degenerate eigenfunctions (if present), n = corresponds to the homogeneous mode, 
constant function on Q. 

We define a new field, analogous to the block-spin variable introduced in statistical 
mechanics, <f>'(x) = <f> n (x), i n the following way: 

4> n {x) = J dtt{x')p n {x,x')<t>{x'), (12) 

where 
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m=n 

Pn{x,x') = J2 ^m( X )^m( X ') ( 13 ) 



m=0 



is a generalized smearing function that introduces a sharp cutoff on the short distance 
modes. In general we could have chosen any smooth test function that, compatibly with the 
generic group of symmetries of our spacetime, is almost constant within a given volume fl n 
where the field is averaged, and rapidly decays outside that region. It should be stressed 
that different realizations of the Kadanoff transformation could in principle be achieved 
by means of different smearing functions but the scaling properties near the fixed points 
will be independent of how the modes have been eliminated. We note that <f) n (x) —>■ <p(x) 
when n — > oo and, conversely, 4> n (x) — > <fio when n — > 0, being O the homogeneous mode. 
Moreover, under integration p n (x,x') = p n (x',x). 
The average action is therefore defined as: 

e -W(*)J = / D[<f>]H6{<j) n {x) - <P\x))e~ SWx)] (14) 

J X 

in this way the field is constrained to have an average 4> n (x) equal to a given configuration 
of the block variable 4>'{x). This amounts to performing the path integration in Eq. (14) 
on the "fast" variables, the m > n + 1 modes. We define the functional generator of the 
Green's functions for the blocked field: 

Z[J\ = f D[(f)']e' s ' n[4 '' {x)]+ ^ dnj i x )<t>'^) = f D ^ e -sMx)]+J dQ(x)j(x)^ n (x) ^ 



therefore the partition function Z is invariant under the blocking procedure. This property 
implies that 

e -W(*)] (16) 

represents the relative probability distribution for the blocked field 4>'(x), the average of the 
original field <f)(x) to the characteristic volume ~ 1/u;^, associated with the n-eigenmode 
considered. The mean value of a generic field operator for the blocked system is related with 
the previous one in the following manner: 



(oW\) = z- 1 J dwwy- 3 '^ 

= Z- 1 f DfflDfflOfflUSiMx) - <P'(x))e- s M 

J X 

= Z- 1 1 D[<t>]0[<j> n ]e- s ^ = (OfoJ) (17) 

This means that (0[<f)']) = (0[<j)]) for all the operators that are functions of the zero- 
momentum component of the field. Thus the mean value of the field is preserved by the 
blocking transformation: (</>') = (0). Similarly we see that for thep-point Green's functions, 

{(j>\x x )..4'ix p )) ~ (0(^)...0(x p )) (18) 

if n is sufficiently high. 



6 



The blocking procedure generates in ( |14j ) all the effective interactions corresponding 
to the low-energy m < n in a generic static spacetime. However, in order to perform 
explicit calculations we consider the case of almost-homogeneous space sections: If the 
disomogeneities of the background manifold are "smooth" within the characteristic regions 
in which the original field has been average out (one can always think to the limiting case 
of homogeneous space sections) then it is possible to carry out a local derivative expansion 
around any given point on the manifold (see |14}| ): 

/2 (x) = 0' 2 (x') + V M /2 (x')(x - x'Y + ^V M V„0'V)(z - x'n* - z7 + - (19) 

Therefore we write, according to the Landau- Ginzburg lesson, the following functional form 
for the new free-energy: 

„ oo 

S' n [<p']= y^(*)£f^)(V,0'(*)) (20) 

i 

where (V ^ { x), ) is a general polynomial of degree i in the covariant derivative V M . Note 
that the gradient expansion becomes more accurate as we scale in the infrared. To study 
the fluctuations around the <p'(x) = 4> n {%) configuration, one rewrites the operator projector 
kernel in (|14]) as 

lp(0n(z) -<f>'(x)) =exp-M 2 / dQ(x)(<j> n (x) -<P'(x))\ (21) 

where M is a massive constant that in a more refined analysis could be mode dependent. In 
this case it represents a measure for the mean deviation from the 4> n (x) = 4>'(x) configuration 
and it is taken as being far greater than all the relevant masses in the theory at the end of 
the computation. The constrained action in (14) reads 

e-WGn)] _ j £[0] e -Sn 0' Or)] (22) 

where 

S n [<t>A'} = J dn(x){^(V,<P(x)) 2 + \m\^{x) + \i B B$\x) + ^\b<P 4 (x) + 

+M 2 (0 n (x)-0' 2 (*)).} (23) 

To identify the non derivative terms generated in the renormalized action it is enough to 
evaluate (p0|) for a constant field configuration (f>'(x) = $ so that the renormalized action 
has the functional form: 

S' n m = MJ n ($) U n @) = \^{n)^ + + . . . (24) 

where £/„(<&) is the average potential. Equation ( p3|) becomes 

S n [h*} = J dn(x){±(V^(x)) 2 + \m\^\x) + ^ B R<f> 2 (x) + ^\ B ^\x) + 
+M 2 $ 2 - 2M 2 0(x)$} + M 2 / dn(x)dn(x')p n (x, x')(f)(x)(f)(x'). (25) 
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We evaluate the renormalized action in the loop expansion. In choosing the saddle point 
in (|22|) we have to locate the minimum of (|25|), obtaining the non local motion equation 

= 5S $t? ] = -V M V*0(a;) + m B <f>(x) + ^ B R<f>(x) + ^ 3 (x) 

+2M 2 J dQ(x')p n (x', x)(j){x') - 2M 2 $. (26) 

Consistently with the hypothesis of weak disomogeneities, we assume that in this approxima- 
tion [V M V M , R(x)] ~ 0, so that Eq. (p6| ) for a generic constant field configuration = </>o 
becomes 

2M 2 + m| + f fl i2 + ^ X B<Pl) 0o = 2M 2 $. (27) 
By substituting in ( |25l) one finds 

U n {$) = -^0o + M 2 $($ - O ). (28) 

Therefore at the tree level in this case the effect of "coarse graining" is not present and we 
recover the classical potential 

U n {*) = \m 2 B <$> 2 + \ZbR* 2 + ^ + 0(1/M 2 ) (29) 

To include the quantum corrections one writes 4>{x) = 0o + x( x ) where x( x ) represents the 
quantum fluctuations. At the one-loop order in the quantum corrections the renormalized 
potential is given by 

S' n [$,x,]=nV($)+AS n [$, X ], (30) 

where 

s 2 s„ 



As n ^,x] = lJdn(x)dn(x') 



8<j>{x)8<t>{x?) 



x(x)xW) (31) 



with 



5 2 S n 



5(j>(x)5(j>(x') 



= (-V M V^ + m| + £ B R + ^ 2 )6(x, x') + 2M 2 p n (x, x'). (32) 

The contribution of loops with internal quantum numbers m < n is suppressed by a factor 
1/M 2 ; thus the renormalized potential at one loop in the loop-expansion can be rewritten 



U n ($) = y($) + -Ll n Det ^' S " 



2fi 6<f>(x)6<f>(x') 

= V($) + ^Tr n+1 ln[(-V M V + m 2 B + £ B R + ^ 2 )6(x, x% (33) 

where Tr n+1 means that in the trace operation only modes with m > n + 1 are retained. We 
set n+1 —>■ n so that when n = expression (|3"3| ) matches the familiar effective potential 
defined usually by means of a Legendre transform of the Schwinger function. We observe 
that the spectrum of S 2 S n /S(j)(x)5(j)(x')\^ is always positive if £ > and the Ricci scalar 
is non-negative. This ensures that the path integral is dominated by homogeneous field 
configurations. In the following we consider £ > 0. 



8 



III. EINSTEIN UNIVERSE 



If we work initially at finite temperature, the Einstein universe has topology S 1 x S 3 . 
The high level of symmetry of this spacetime allows one to perform explicit calculations. 
Let the Euclidean metric be 

ds 2 E = dr 2 + a 2 [d X 2 + sin 2 X {d0 2 + sin 2 9d<f 2 )} (34) 

where X , @i V 9 label S 3 , a is the radius, and r spans the euclidean time. In this case the 
eigenfunctions of the Laplace-Beltrami operator are known: they factorize in the product 
of plane waves e~ 2mriT /t 3 _ here (3 is the invariant time - and the hyperspherical functions on 
S 3 : 

Ynim{x, 0, <p) = N nlm Y lm (9, <p) sin 1 X C l n t)(cos X ) (35) 

where iVj mn is a normalization factor, C£(x) represents a Gegenbauer polynomial, and is 
Yi m (9,(p) the usual spherical harmonic on S 2 . The quantum numbers {n,l,m} are n = 
0, 1, 2, I = 0, 1, 2, n; m = —I, — / + — 1, 1;. The eigenvalues of the Laplace-Beltrami 
operator are found to be u 2 (n,p)= (2np/f3) 2 + A 2 im where A 2 Zm = a~ 2 ((n + l) 2 — 1) +m 2 B + 
i B R+^ 2 are the eigenvalues on the spatial sections with degeneration d = D[Lo(^ + 1) — 
(n + l) 2 . Here a 2 = 6/R is the radius of S 3 . 

In this manifold a possible realization of the "coarse graining" procedure can be achieved 
by integrating out the fast fluctuating space modes on S 3 and by leaving unconstrained the 
time evolution of the system. This case is important because it allows us to study the 
spatial distribution of the fluctuations when the observational characteristic volume shrinks. 



To this aim we use the following smearing function (see JT0| for an analogous 0(3) invariant 
coarse-graining in flat space) 

n n' m=l 

Pn(P,P') = EE E YnUP)Y: im {P') (36) 
rt'=0 1=0 m=-l 

and P, P' G S 3 . The functional determinant in expression (|33|) is calculated by means of the 
generalized zeta- function C( s ) : 

U n ^)=V^) + ^(-C(s)\ s=0 ) (37) 
where Q = 2ir 2 f3a 3 is the total volume. In our case, in the low-temperature limit we have 

,2s „ oo n 1 m= 



f\..2s „ oo n m=l 

COO = 7-/*EEE (u; 2 (p,n)+AM 2 7T5(p)e r 

Z7T J n '=0 1=0 m=-l 



(38) 



with Q n ,m = 1 for m < n and zero elsewhere. Explicit evaluation of expression ([38|) pro- 
duces a regularized expression for the local potential that is dependent on the undetermined 
constant \i (see the appendix for the relevant details). One finds 

[/„($) = V@) - ^4{(^"(*) - 1)> ^ + I + T„(*)} (39) 
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where now the range of n starts at n = 1. In the above formulas V"(<&) = a 2 V"(§) = 
a 2 (m 2 B + £bR + As$ 2 /2) and T n (<&) is a function of $ and whose explicit form is given 
in the Appendix and whose low curvature limit V"($) ^> 1 , for n — 1 is 



# 2 



144tt 



;Tx($) 



1 ra-^h-^)-^ 



64vr 



i2/6 



(40) 



A subtraction scale is chosen in order to eliminate the \x dependence. One writes m 



B 



m R + 8m r, £g = £r + A# = A# + <5A in the bare expression (|39|), and introduces the 
following renormalization conditions for the counterterms: 



m 



d 2 U n -_ 



r 



<9$ 2 



d 3 U n= 



R 



$=_R=0 



d$ 2 dR 



A; 



d 4 U, 



n=l 



$=R=0 



9$4 



(41) 



$=R=0 



where for the sake of simplicity the renormalization point has been chosen in R = 0. From 
expression flip ) and from Eq. ([|l|) (see Appendix ) we have 



t4($) 



-m 



R 



1 + 



A 



R 



m 



R 



64vr 2 



1 + 



3^-1/6)' 



m 



R 




1 - 



64tt 2 / 144tt 2 




< + e 



~)*+~Ak* 



,2 + Jm\ + (6£ R + n 2 - 1) i?/6 + \ R $ 2 /2 
- 1 In — - 



m|+(6£ fl + n 2 -l)- + 



i2 A^ 2 



m 



+ (66j + 2n 2 - An - l) - + 



R A^ 2 ' 



(42) 



where the following counterterms have been introduced 



5m 



Afi 2 n m l 1 \ 
mjj(m — " — 1; 



32tt 



5£ 



XR Hr- 1 



32tt 
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In— ^ 

/i 2 



<5A 



3A 2 

/i 2 



32tt 2 



(43) 



and X n ($) is an integral function of the field and the renormalized parameters - see Appendix. 
We note that for R = expression fl42|) reproduces the standard Coleman- Weinberg result 
0. As shown in the appendix, the local potential for n — 1 matches the form of the effective 
potential in the Einstein universe: there is no spontaneous symmetry breaking induced by 
curvature if £r > (note that expression fl4"2"|) is always real), even though the quantum 
contribution tends to drive the system in the spontaneously broken phase fl5 |. However 
as n increases the new action governs the distribution of the field whose average has been 
performed within the characteristic space volume Q n ~ (a/n) 3 . In general the location of the 
minimum in the blocked action depends on the observation domain Q n . It is natural to expect 
that when the average is performed over regions far larger than the characteristic regions 
in which the fluctuations of the field are correlated, the details of the original distribution 
are not yet detectable and statistical equilibrium of the system is reached in $ = 0: This is 
encoded in the convex character of U n (<f>) for low n. But when the "observational" region is 
small enough, the structure of the original field variables may show up. In fact a numerical 
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investigation of fl42|) shows that after some critical value of n 



the blocked potential 



is no longer convex, and non trivial minima appears - see Fig.l and Fig. 2. Below that 
scale the convexity of the potential is recovered. In the case where the curvature is not 
strong, one can gain more insight into this phenomenon by introducing a local momentum 
space around a generic point in the manifold and examining the Minakshisundaram-Pleijel- 
DeWitt expansion [ |T0] , P~5|] to first order. This is possible because the presence of non trivial 
minima occurs for high values of n, for small R, and therefore we expect the local-momentum 
approximation to hold (for example one finds n cr ~ 10 3 for R/m 2 R ~ 1CT 2 ). In this case is 
convenient to use the translation-invariant smearing function 



Pk{X) 



d 4 p 
\<k (2tt) 4 



-ipx 



(44) 



to define the blocked field (12), and the field is averaged in a region of extent ~ l/k A . By 
using a cut-off regularization procedure, the one-loop blocked potential is given by 



64vr 5 



y ln A + n*)-fl/6- 



(45) 



and Eqs. fliT]) give the following counterterms 



5m 



, . A 2 + m\ In 
32vr 2 \ A 2 



<5£ 



32tt 2 



5X 




(46) 



The average potential in this approximation reads 



64vr 2 



-m 



R 



m. 



1 + 



A 



R 



m 



R 



647T 2 



1 + 



A; 2 + 3^(^-1/6)' 



2 ^ +{Sr-q)R 



ml 



In 



9\r 
64tt 2 



k 2 + ml + \X R ^+U R -\)R 



m 



R 



$ 4 



(47) 



Let us consider the dimensionless running parameter 



1 d 2 U k {§) 



m 



R 



<9$ 2 



$=0 



M 2 {k) 



(48) 



In the limit of k 2 3> m\ + ^rR one finds 



M 2 (k) = 1 + 



ZrR X R k 2 



+ 



A 



R 



m 



R 



32tt 2 32tt 2 



R_ 

6/ m\ 



In 



?7J 



(49) 



It is interesting to observe the competition between the two scales k and R 1 ! 2 . When the 
logarithmic term is dominant in ([13) Ai 2 (k) is positive for £r > 0, and the only minimum for 
(^7[) is at $ = 0. But as the observational scale shrinks, the linear term in k 2 jm\ governs, 
and the local potential presents two degenerate non symmetric minima at some k = k cr . 
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Conversely, if the matter field is strongly coupled with gravity at classical level £r > 1, the 
linear term in ^R/m 2 ^ may eventually dominate, and therefore for some R = R cr it will 
turn the maximum in $ = in to a minimum. The value of R cr in this approximation can 
be read from M.{k) = 

- m |+^(^-m|ln4) 

Ra{k) = f *Te ^in^ (50) 



At the leading order, for a conformally coupled field one finds 

R a (k)^^--m% (51) 

The expression (p0|) is independent of the background spacetime but it is reliable only in 
the small curvature approximation R <C k 2 where the local-momentum analysis works if 
the coupling strength \ R is weak enough - see relation (|5"T|). The new minima in this 
approximation are located at 

f2 rr2 -i - ^+ ^ (4 -M"- v^K, , 521 

R kfl _ 3\r_\ _l ^Ll n fc2 

6 V 32vr 2 ^ 64tt 2 111 ^ 

The presence of degenerate minima in the local potential at a particular value of n and R, 
is a different phenomenon from the spontaneous symmetry breaking, peculiar to the lowest 
energy mode. As clarified by M, it can be argued that the field presents a domain structure 
even in the purely symmetric phase (4>) vac = 0. The path integral is dominated by domains 
of characteristic size i where 4>(x) ~ ±$. Then, if we average the field over regions of 
linear extension k~ x ^> i the fluctuations between the domains become uncorrelated and 
the distribution of the blocked variables is centered around $ ~ 0. But as the observational 
scale is comparable with the size k~ r l ~ i of the domains, the fluctuations are governed by 
a distribution that is strongly peaked around two non-symmetric degenerate values ±$ of 
the field. In other words, as we move from the ultraviolet towards the infrared domain, a 
crossover between a double peak and a symmetric distribution occurs. When we average in 
larger regions the Gaussian limit is approached, according to the central limit theorem, and, 
since the correlations among domains typically decay as ~ e~ m ^ k where m, the mass gap, is 
the inverse of the correlation length, one concludes that k cr ~ m. 

In curved spacetime the other relevant length is the local curvature R that couples 
quadratically with the field at the classical level, and enters in the propagator as a pure geo- 
metric contribution as well. If R S> m 2 R , the local-momentum approximation is questionable. 
Unless exact expressions for the propagator are available, one has to resort to alternative 
approaches, by taking into account the global topology of the spacetime, to describing the 
running of the "effective" correlation length 1/ M.{n)mn in the strong curvature regime. In 
the case of the Einstein universe the large R and large n approximation give, to the leading 
order, 

Ai 2 (n) = l + 4ff«-^^=0 (53) 



m R \ 9Qn 
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for the critical scale. The crossover region is therefore shifted toward the infrared domain 
by an increase of curvature as the coefficient of R/m 2 R becomes negative - see Figs.l and 
2. This result is interesting, we believe, because it illustrates how the geometry of the 
manifold determines the interplay between the two relevant lengths m R and R in setting the 
crossover scale. Note that n in this case cannot be approximated by a continuous variable. 
For instance, \r = 0.1 and R/m 2 R ~ 1, eq.(|53]) yields n cr = 138. 



IV. RENORMALIZATION GROUP ANALYSIS 

The invariance of the partition function Z[J] under coarse-graining yields the following 
equation for the local potential 

*/„($') - f4_An($') = AnT n [U n (&)] (54) 

where T[U n ] represents the contribution of the eliminated modes from the original action in 
the interval (n,n — An). This ensures that the generator of the Green's functions Z[J] 
and its functional derivatives are unchanged when the modes are eliminated in the starting 
action. Equation ( [54[) governs the scaling of all the new interaction terms generated by the 
blocking procedure to compensate for the eliminated modes. In a nonflat background the 
explicit form of T n is generally dependent on the geometry of the manifold as we approach 
the deep infrared region. Since, for a compact manifold, the spectrum of the Laplace- 
Beltrami operator is discrete, Eq. (|5"3] ) becomes a partial finite-difference equation for the 
local potential whose solution close to the low n, region determines in principle the relevant 
operators at the infrared fixed point. At one loop in the loop expansion we see that the 
contribution of the eliminated modes in the "momentum shell" ' (n, n — An) is 

r„py„(*)] = ^ Hul + d%u n {n (55) 

Although a solution of (]54]) would in principle tell us how the scaling properties of the theory 
change as we approach the infrared, it should be stressed that the contribution of ([55]) may 
not be the leading one in determining the effect of the integrated modes on the evolution of 
the coupling constants . In general higher order contributions in the loop expansions have to 
be retained as well. It is however important to study the infrared scaling in the UV region 
to show in what respect the standard realization of the renormalization group, based on the 
analysis of the scaling properties of the Green's function under a geodesic interval ||, and 
this formulation, obtained by the blocking, are equivalent. To this aim we can work in the 
local-momentum approximation and in this limit fl54"|) reduces to 



The blocking procedure generates new effective vertices arising from the coupling of the 
matter field with gravity. Let us write the potential term in the general form 

f/ fc ($,i?) = E^ ± f^^ (57) 

n=2 U - 
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and introduce, for the following analysis, the dimensionless variables 



R = Rk 2 , $ = $£;, \ n = \ n k 4 - n i n = l n k 2 - n (58) 
The running coupling constants are defined 

d n U k {®,R) 



Uk)= ^U i( *,R) 



d$ n dR 

Equation (|56D in terms of those variables reads: 



An(A0 



$=R=0 U ^ 



(59) 



$=R=0 



[k k ~ *m " 2k ~k + 4] ^' k) = _ 1^ ln[1 + dl ° ki ^ R) " ^ /6] (60) 



where T = k 4 T and C/ = k 4 U. We saw that at the tree level T = therefore (60) gives 



the solution \ n =k n ~ C n , £ n = k n ~ C' n , thus for n > 4 all the A n , and for n > 2 all the £ n 
couplings are irrelevant. The above procedure could be generalized to describe a potential 
containing more generic interaction terms of the form Xn,mR n & m , however at the tree level 
a simple dimensional analysis suffices to classify the interactions. In the deep UV region is 
k 2 ^> <9|£4($, R) — R/6 and ( pCf ) reads in this approximation 

-\(dlU t ($,R)-R/6) 2 + ...] (61) 

From this expression one derives the evolution equations for all the coupling constants. This 
can be done by inserting ([57]) in ( |B~TD and by factoring the coefficient of the generic power 
of the field. If we arrest the expansion at the relevant and marginal couplings, 

(^ + 2)X a = - I l 5 A 4 (l-X a ) + ... 
k M=16^ X ^ 2 -J + - 

, OXa 3 ~o ✓„„•, 

* «T = 16^ A < + - (62) 

where the ellipses stand for irrelevant couplings. The system (|62]) reproduces the standard 
perturbative behavior for interacting scalar field in curved spacetime || for the relevant 
couplings, but this system handles the mixing of all the new local interactions along the 
renormalized trajectories as we approach the infrared. This result can be extended in the 
improved scheme where the interaction between modes is taken into account by retaining 
the effect of the previously integrated modes when the cutoff is lowered. In this way one 
considers the impact of the UV irrelevant operators during further renormalization group 
transformations. Let us define the renormalization group coefficient functions (at a fixed 
value of the cutoff and the bare parameters): 
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k *" 2 w_ 7m(! ^_ A(fc)-{W) 



m 2 (k) dk k 

*^ = ii(=£U*).«*>) 

k m = p( r^., m , m (63 ) 



From and (ESI) we find 



k ' n, ^ nj 16ir 2 m 2 R {m 2 R + k 2 ) 



/9A(^,A fl ,e fl ) = ^ /I9 ** av> (64) 



Therefore the renormalization group improved scale dependence of the relevant coupling 
constants is given by the equations 

dm 2 {k) A(Jfe) k 4 

K - 



dk 16tt 2 m 2 (k) + k 2 

} dgk) _ x(k)(gk)-D k^ 



dk 16tt 2 (k 2 + m 2 (k)) 2 

dm = 3X\k) k 4 
dk 16tt 2 (k 2 + m 2 {k)) 2 y } 

with the initial conditions m(0) = m^,£(0) = A(0) = \r. It is important to stress that 
the conformal coupling does not necessarily flow to the conformal value £r = 1/6 for k = 0. 
In fact this ultimate set of equation shows the role played by the mass gap in determining 
the crossover region. Below the mass scale all the fluctuations are damped and the IR fixed 
point is present at k = for arbitrary values of the renormalized coupling constants X R and 
£r. However, in the usual regularization perturbative scheme combined with the minimal 
subtraction prescription, one introduces counterterms that are mass independent and this 
fixed point is normally missing for non vanishing coupling strength. But this approximation 
is accurate only to study the scaling in the deep UV region where all the relevant masses 
can be neglected. 



V. SUMMARY 

A realization of the coarse-grained procedure has been presented for a generally cou- 
pled scalar field in the Einstein universe, and the non derivative part of the renormalized 
action has been calculated at the one-loop approximation in the loop expansion. A local 
renormalized potential governs the spatial distribution of the blocked variables, the average 
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of the fluctuations in "cubes" of size fl n ~ (a/n) 3 . This distribution is no longer centered 
on the symmetric minimum $ = as Q n ~ i 3 where i is the characteristic linear extent 
of domains where the field assumes nonzero values. The overall geometry of the manifold 
determines the crossover scale in the high curvature limit where the local methods may not 
be accurate. The coarse-graining procedure here presented makes the investigation of the 
low energy domain possible for a general static manifold. The renormalization group anal- 
ysis formulated in the Kadanoff- Wilson scheme controls the evolution of the new effective 
vertices as we scale towards the infrared. In particular, by linearizing the renormalization 
group transformation close to the UV fixed point, the renormalized flow can be explicitly 
studied in the improved scheme. In the massive model the flow slows down as we move 
in the infrared direction and the infrared fixed point is recovered below the mass gap for 
arbitrary values of the conformal coupling £r. 

These results have been found for a positive £rR term and it would be interesting to 
address the £r < case where an increase of curvature can drive the system in the sponta- 
neously broken phase. 
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VI. APPENDIX 



This appendix contains some relevant details concerning the calculations. The one loop 
contribution to the local potential has been calculated by means of the "generalized" (- 
function 11131. We have from 



CM 



2.s 



2tt 



oo n' m=l 
n'=n+l 1=0 m=—l 



/?(/ia) 



2.s 



an Jo 
2s T(s 



/ dp £ 

Jo 



(m + 1) 



m=n+l 



(p 2 + (m + l) 2 + v) 



/3(fia) 



1/2) 



ay An 



r(s) 



E 



m 



; (m 2 + z/) s -V2- 



n > 



n > 1 



(66) 



where where a 2 {m 2 + |A$ 2 + t;R) — 1 — v > — lfor£>0. In the last line we have set 
n + 1 — > n so that the range of n starts at n — 1 and the sum coincides with the ^-function, 
extensively studied by several authors |T5|,[T7L|TRP0|], whose derivative in s = gives the one- 
loop quantum contribution to the effective potential in the Einstein universe. For general 
n, the sum in the last line can be performed with the Plana summation formula E 



s, m) 



-f(s,n) + / f(s,r)dr + i 



f(s,n + iz) - f(s,n-iz) 



-Jl-KZ 



~ 1 



dx (67) 
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with 

2 

777 

f(s,m)= , (68) 
[m z + v) s 

The resulting g(s) has simple poles at s — 3/2 = 0, —1, .... Taking the derivative of fl5"6| ) in 
s = with g(s) in (|67|) one obtains for s = expression (|39"1), where 

z/ 2 1 

T n ($) = \n[n + Vn 2 + u] + -nVn 2 + v{v + 2n 2 - An) - J„($) (69) 

8 8 



and 



7o sinhTrz Re [( n + %z yM n + ^)2 + ~] 



A careful evaluation of the z/ 3> 1 limit for n = 1 in expression (|69| ) shows that 



z/ 2 



Tx($)~— lni/ + 0(l/i/). (71) 
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